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Abstract 

We argue that two dimensional classical SU(2) Yang-Mills theory describes the 
embedding of Riemann surfaces in three dimensional curved manifolds. Specif- 
ically, the Yang-Mills field strength tensor computes the Riemannian curvature 
tensor of the ambient space in a thin neighborhood of the surface. In this sense 
the two dimensional gauge theory then serves as a source of three dimensional 
gravity. In particular, if the three dimensional manifold is flat it corresponds to 
the vacuum of the Yang- Mills theory. This implies that all solutions to the origi- 
nal Gauss-Codazzi surface equations determine two dimensional integrable models 
with a SU(2) Lax pair. Furthermore, the three dimensional SU(2) Chern-Simons 
theory describes the Hamiltonian dynamics of two dimensional Riemann surfaces 
in a four dimensional flat space-time. 
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1. Introduction 



The isometric embedding of a two dimensional Riemann surface in a three dimen- 
sional ambient space is a classic problem in differential geometry pQ. The embedding 
involves the first and second fundamental forms of the surface, engaging its intrinsic met- 
ric and extrinsic curvature. Together the two fundamental forms determine the metric 
of the three dimensional ambient space, in a vanishingly thin neighborhood around the 
two dimensional surface. If the three dimensional space is flat R 3 the two dimensional 
metric and curvature are subject to the original version of the Gauss-Codazzi equations. 
But when these equations are invalid the three dimensional curvature is non-trivial, at 
least in an immediate vicinity of the surface. In this sense the two dimensional surface 
is then a source of gravity in the three dimensional ambient space. 

In the present article we shall assert that similarly the two dimensional SU(2) Yang- 
Mills field can be viewed as an origin of three dimensional Riemannian curvature. Indeed, 
there are suggestions that something like this could occur. For example, it is well known 
that solutions to the sine-Gordon equation 

Utt - u xx + sin a; = (1) 

describe constant negative Gaussian curvature surfaces in R 3 , up to rigid Euclidean 
motions. But the sine-Gordon equation also emerges as the zero curvature condition 
for the SU(2) Yang-Mills field strength tensor [2] (in the sequel i,j,k,... = 1,2 and 
a,/3,7, ... = 1,2,3) 

F°j = diAf-djAf + e^AfA] = (2) 
when we decompose the connection Af according to [2J 

UJrg n OJ -i Li) o 

A?r a = — r + kosin — t — k\ cos — r 
1 2 2 2 

A « T « = %3 + k in ^ r i _ fc 2 cos-r 2 (3) 
2 2 2 v ; 

where k\ — k\ = 1 and ki involve the spectral parameter, real for a SU(2) connec- 
tion. Similar relations between the zero curvature condition (J2J) in the two dimensional 
SU(2) Yang-Mills theory and the embedding of a Riemann surface in flat R 3 have been 
established for a number of additional integrable models [3]. 
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In the present article we shall argue that for SU(2) the condition (j2J) always describes 
the embedding of a Riemann surface in R 3 . For this we shall consider a scrupulous 
decomposition of Af which reveals that the condition (j2J) coincides with the Gauss- 
Godazzi surface equations that govern the isometric embedding of a Riemann surface in 
flat R 3 , up to rigid rotations and translations. Consequently any integrable model with 
a SU(2) Lax pair always admits an interpretation in terms of a Riemann surface which 
is isometrically embedded in the flat three dimensional Euclidean space. 

Furthermore, we shall employ our decomposition of the two dimensional Af to es- 
tablish that whenever the condition (J2J) fails, the Yang-Mills field strength tensor F°- 
leads to a non-trivial three dimensional Riemannian curvature tensor in a thin neigh- 
borhood of the two dimensional hypersurface. This implies that the two dimensional 
Yang- Mills theory induces gravity in three dimensions. The tentative consistency of this 
proposal can be verified by comparing the number of field degrees of freedom: The two 
dimensional SU(2) gauge field Af has six components, which are subject to three Gauss 
law constraints. Similarly, the three dimensional metric G^ = 1,2,3) has six in- 
dependent matrix elements, and these are amenable to diffeomorphisms which involve 
three field degrees of freedom. Thus both two dimensional Af and three dimensional 
G^ u carry the same number of field degrees of freedom, with an equal number of gauge 
degrees of freedom. 

We shall now proceed to establish the relationship between the two dimensional gauge 
theory and three dimensional gravity beyond such a simple counting of field degrees 
freedom. We show that the two dimensional Yang-Mills field strength tensor actually 
computes the three dimensional Riemannian curvature tensor in the immediate vicinity 
of the two dimensional hypersurface. 



2. Decomposition 



The decomposition of vectors and tensors in terms of their irreducible components 
is a common problem in Physics. For example, it is widely employed in fluid dynamics 
where the velocity three vector decomposes into its gradient and vorticity components. 
In classical electrodynamics the four dimensional Maxwellian field strength tensor F^ v 
becomes similarly dissected into its electric and magnetic components. In the context 
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of integrable models, the Lax pair representation leads to decompositions Q of the two 
dimensional non-abelian gauge field in terms of variables that describe the integrable 
model. Finally, the isometric embedding of a two dimensional surface (in general d- 
dimensional hypersurface) with local coordinates y l in a three dimensional (in general 
d + n dimensional) ambient space with local coordinates x M and metric G^, involves the 
decomposition of the induced metric 

ds 2 = g ij dy i dy j = G^d i x> I d j x u dy i dy j 

This embedding also entails the decomposition (Gauss equation) 

dijX? + ttpd^djx" = T^dkx" + QijN" (4) 

Here r^„ is the metric connection in the three dimensional ambient space, I\ fc „ is the 
(induced) metric connection on the two dimensional hypersurface and Qij is its extrinsic 
curvature tensor, and is the three dimensional unit normal of the hypersurface. 

Here we inspect how fll} relates to the following decomposition of the two dimensional 
SU(2) Yang-Mills gauge field Af, introduced originally in jl] 

A° = a^+e^a.nV+pV + ae^Vn 7 (5) 

with p, a scalar fields. Notice that we separate the second and fourth term on the r.h.s. 
and the reason for this becomes evident as we proceed. 

We shall argue that in two dimensions (0) is a complete decomposition of the full 
SU(2) Yang-Mills gauge field into its irreducible components. 

Furthermore, we shall argue that (J^J) admits a differential geometric interpretation 
in terms of the quantities on the r.h.s. of (@J), describing the isometric embedding of a 
Riemann surface in a three dimensional ambient space. Specifically, the vector Q relates 
to the (induced) metric connection T\- on the two dimensional hypersurface, and p and 
a relate to the two eigenvalues of its (symmetric) extrinsic curvature tensor Q^, and the 
(three component) unit vector n a maps to the (three component) unit normal by 

n a = e%A^ 

with e a n a (flat) dreibein that relates the two unit vectors; these vectors both reside in 
a flat R 3 , the vector n a is in the tangent bundle of the gauge group SU(2) while is 
a vector field in the ambient R 3 , the normal map of the two dimensional hypersurface. 
These two spaces become identified by e a M which is obviously an element of SO (3). 



4 



Finally, we shall argue that when we substitute the decomposition (jSJ) in the Yang- 
Mills field strength tensor Fg- it produces the Riemann curvature tensor of the ambient 
space, when evaluated in the immediate vicinity of the surface. 

The decomposition ((SJ) was introduced and inspected in jl], in connection of four 
dimensional SU(2) Yang-Mills theory where it is known to be incomplete 0. But we 
now argue that in two dimensions the decomposition (JSJ) is complete, describing the six 
independent components of a generic two dimensional SU(2) gauge field Af. 

Indeed, when D = 2 the vector field Cj has two components. Together with p and a 
and the two independent components of the unit vector n a , both sides of (jSJ) engage six 
field degrees of freedom. 

In order to confirm that the six field degrees of freedom on the r.h.s. of (0) are actu- 
ally independent, we first substitute the decomposition in the Yang- Mills field strength 
tensor. This yields 

FS = (Gij - [1 - (p 2 + a 2 )}H l3 ) n a 
+V i pd j n a + V i ae a ^d j n p n' - Vjpdtf* - V i a^ t d i n p n' 1 (6) 

Here 

= (hCj -(),(■ ill,, = e a ^n a d i n p d j n y 

and 

(di + iCi)(p + ia) = Vi(p + ia) = 
We then substitute this decomposition of F? in the Yang-Mills action 

S = ~ / <?x{F«Y (7) 

When we perform a variation of this action w.r.t. the component fields (Cj,0, n a ), 
the ensuing critical points lead to a set of Euler-Lagrange equations. These equations 
reproduce the full two dimensional Yang-Mills equations 

Df F§ = (8) 

only when the decomposition (jSj) is complete in directions which are orthogonal to the 
gauge orbits 

Af -> Af + Dfe? = Af + (5 af3 di + e a ^A])e^ (9) 



5 



The variation of the action (JJJ) w.r.t. the components (Ci,<p,n a ) gives the following 
Euler-Lagrange equations jl] 

n-AFy = 
«t e+ • AFy = 
V,0e_-AF.y = (10) 

Here (e^e^n) is a right-handed ortho normal triplet and 

K t — K i+i K f = (e<? + ie v ) • dih = e + • c^n (11) 

Note that there is some latitude in the definition of e + = eg + ie^, without affecting any 
of our subsequent conclusions we can send 

e + -> e*e + (12) 

Thus we have an internal U(l) gauge structure which has been discussed in 

Since F° 2 = —F£[ we immediately find that the only nontrivial regular solution to 
the equations (fTUjl is the homogeneous one, 

(HDD => DfF§ = 

that is, the full two dimensional Yang-Mills equation (|8|). This means that the decom- 
position (jSJ) is indeed complete in the space of gauge orbits of Af. 

For a total completeness of the decomposition (jSj) we still need to identify in it the 
SU(2) gauge orbit ©. This gauge orbit involves three field degrees of freedom. One of 
these is the U(l) gauge transformation in the direction of n a , with e a = en a . It sends 

Ci > Ci di€ 

4> = p + ia — > e le (p 

while n a itself remains intact. Notice that as a consequence (Ci, <p) has a natural inter- 
pretation as an (electric) Abelian Higgs multiplet. Since the unit vector n a has a natural 
magnetic interpretation (it appears as an order parameter e.g. in the Heisenberg model) 
the two sets of variables (Ci, (f>) and n a are inherent electric and magnetic dual variables 
in the two dimensional gauge theory. 

The remaining two field degrees of freedom along the gauge orbit must be orthogonal 
to n a . They can be described as follows: We introduce g G SU(2) by 

n a T a = gr 3 g~ l 
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which is manifestly U(l) invariant, i.e. invariant under conjugation g — > gh by an 
element h G SU(2) in the Cartan direction r 3 . This corresponds to the U(l) gauge 
transformation along n a . 

We introduce the right-invariant form 



Ri 



9 X di9 



With Rf 0,9 the diagonal part of Ri and R°^ its off-diagonal part, we can write the gauge 
field © as 



A?r a = g(C i T* + %It?" + p[R i y\-iaI%tf)g- x + igd i g- x 



(13) 



Consequently (j5J) is manifestly gauge-equivalent to (in the sequel we always have a,b = 
1,2) 

£fr a = CiT 3 + iRf ag + p{R i ,T 3 ] -iaR° ff = P^r 3 + Q<V a (14) 

This reveals that the parametrization (jSJ), (fT3j) is indeed complete, also on the gauge 
orbit space. 

Clearly, the sine-Gordon decomposition (J3J) must be contained in (JT3J), (JEJ). Com- 
paring with (jrljl we conclude that we must choose p, a and n Q such that 



ko sin z/ci cos — 

2 2 

Ki sin 2/e 2 cos — 

2 2 



(p + ia)(K{ + z/cf) = 

(p + ia)(K e 2 + ir%) = (f)K% 



We parametrize 

/ cosy? sin # 
fi = sin (p sin 8 
\ cos 9 

and we select the phase (|T2|) so that (|TT|) becomes 



(15) 



(16) 



K 



di9 + i sin 6di<p 



We then get from (JT5|l 



sin #<9i<p 
sin 6*92 <p 



p 2 + a 2 



p 2 + a 2 



p a 
-o p 

P o 
-a p 



k 2 sin | 
fci cos | 

&i sin ^ 
k 2 cos | 
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from which we can solve 9 and (p in terms of to which is a solution of the sine-Gordon 
equation, and p and a which we can select quite liberally. 

3. Three Dimensional Riemann Tensor 

We now proceed to show that the Yang-Mills field strength tensor © can be viewed as 
the Riemannian curvature tensor in a three dimensional ambient space in the immediate 
vicinity of a two dimensional hypersurface. For a suggestive correspondence, we start 
by interpreting the Yang-Mills field Af as a linear combination of a background field Wi 
which is the Cartan component in (|14|1. and a fluctuation field Q1 which corresponds to 
the off-diagonal part in (|14j) . The Yang-Mills field strength tensor then decomposes into 
the following Cartan part and off-diagonal part 

Ffj = diWj - djWi + (QlQ 2 j - Q)Q\) = F l3 + [Q\Q] - Q)Q)) (17) 

F% = (5 a b d t - W^Q) - {8 a h dj - W^M (a, b = 1, 2) (18) 

It is instructive to compare this with which is the repsesentation of (|17)1. (fTH|l in the 
gauge t 3 — > n a T a . The structural similarity is evident. 
Next, we recall Ricci's identity which states 

(V P V CT - W a V p )d v x K = d T x K R\ pa (19) 

for a connection V p and the ensuing curvature tensor -R r W(r . We employ this in the Gauss 
equation (j3J), by selecting for V p the induced covariant derivative on the hypersurface. 
This gives for the Riemann curvature tensor of the ambient space the decomposition 

R^d^d^d^ = d^U'ijk + N^Vijk (20) 

where 

Uujk = Riijk + (QijQki — QikQji) (21) 

V ijk = - (fa-rtiQik (22) 

with Ru,jk the Riemann tensor on the two dimensional surface and its extrinsic 
curvature. 
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Clearly, there is a definite formal similarity between (JT7j) and ()21j) , and between (JTSj) 
and (}2"2"j) suggesting that we can relate F^- ~ and ~ V^&. If this identification 
indeed holds, the two-dimensional Yang-Mills field strength tensor computes the three 
dimensional ambient Riemann curvature tensor: The Uujk is the restriction of the Rie- 
mann tensor to the tangent of the surface, and Vijk is the projection of the Riemann 
tensor along the unit normal of the surface. Consequently we obtain the entire three 
dimensional Riemann curvature tensor from the two dimensional Fgj, in the vicinity of 
the two dimensional hypersurface. In this sense the three dimensional gravity is then 
induced by the two dimensional Yang-Mills theory. 

We shall now proceed to establish the relations between (JTTj), (fTHj) and (}2"T]) . (|2*2|l . 
For this we denote by u, v,... = 1,2 a local frame (tangent bundle) on the two di- 
mensional hypersurface in the three dimensional ambient space. The ensuing zweibein 
obeys e u ie v jf] uv = gij and e u iE\ = S u v etc. Furthermore, we introduce e\ with 
e l 2 = — e 2 i = 1. We also introduce the zweibein e a u with inverse E u a , which relate the 
local frame of the hypersurface to the off-diagonal part of the SU(2) Lie-algebra. 

We start with the decomposition (|14p. where we write 

Qi = Q i 6 U Q j jQ\ 

We then consider F^. From (fTSj) we get 

ETaF* = d i Q v j + {E v a d i e a u -W i e\)Q u j - (i ~ j) 

Consider 

E\d l e a u - Wie\ 

Here e a u is a zweibein between two-dimensional flat Euclidean spaces, and it can be 
represented explicitely e.g. as 

2 _ /-sin^\ 
\ cos^ / 

This suggests that we introduce a U(l) gauge transformation in the Cartan direction of 
SU(2), and redefine 

Wi -diif) Wi (23) 



COS ij) 

sin ip 



so that 



E\d i e\ - W i€ \ 
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This gives 



e u kVuw E w a F« = d i Q kj -{E^ n d i e\-W^ k )Qi j - (i <- j) (24) 
We recall the familiar relation between spin connection and Christoffel symbol, 

= ^ki + E l u d i e u ' k 

Hence, if we identify 

u l ki = -Wi€ l k (25) 

we can write (J23J) as 

e\r luv E\F* = [d t Q kj - T 1 ^] - [djQ ki - T l jk Q H ] (26) 

Thus 

F% = e\r l uv E k v V jik (27) 

and consequently the off-diagonal part of the two-dimensional Yang-Mills field strength 
tensor computes the tangential part (J21|) of the three dimensional Riemann curvature 
tensor (12771) . 

We now proceed to inspect the Cartan component Ffj of the Yang- Mills field strength 
tensor. When we recall the representation of the Riemann tensor in terms of the spin 
connection, we get 

R U vij — diU u V j — djU u V i + u u W iU! w V j — u! u W jU w V i = —(diWj — djWi)e u v 

where we have used (J25|) . But from (|17|) we now get immediately the desired relation 

E; L j ~€ M (-R v ij Q iQvj Q jQvi) 2^ u ^ vij ip 1 ^) 

and we conclude that Fjj indeed computes the normal component of the three dimen- 
sional Riemann tensor. 

When we combine ()28|) with ()27|) we arrive at our main result: The two dimensional 
Yang-Mills field strength tensor can be interpreted as a three dimensional Riemann 
curvature tensor in the vicinity of the two dimensional hypersurface. In this sense, the 
two dimensional Yang-Mills theory is then a source of gravity in the three dimensional 
ambient space. 
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4. Further Developments 



The present results can be extended in a variety of directions. For example, the 
flatness condition (J2J) in the two-dimensional gauge theory can also be interpreted as the 
equation of motion (first class constraint) in the three dimensional SU(2) Chern-Simons 
theory, when wiewed as a Hamiltonian system 

S = J d 3 xTr[AAdA+^A 3 ] -> J d 2 xdt (e ij Afd t A] - A°e ij F%) (29) 

Here we have shown that the condition (j2J) can also be identified with the Gauss-Codazzi 
equations, which modulo rigid rotations and translations describe the embedding of two 
dimensional Riemann surfaces in flat three dimensional R s . Consequently the Chern- 
Simons theory determines the Hamiltonian dynamics of two dimensional Riemann sur- 
faces in flat R 3 . Since the condition (J2J) also relates to the Lax pair of integrable models, 
the dynamics of these Riemann surfaces is integrable, and the surfaces scatter from each 
other in an elastic manner which directly relates to the properties of conventional two 
dimensional integrable models |2j. The SU(2) Chern-Simons theory also describes three 
dimensional knot invariants [B| suggesting interesting connections between knot theory 
and the dynamics of two dimensional Riemann surfaces in R 3 . 

Finally, since (J2J) describes the embedding of Riemann surfaces in a flat three dimen- 
sional space the ensuing Chern-Simons theory does not employ four dimensional gravity. 
It would be very interesting to develop a generalization of the Chern-Simons theory, with 
four dimensional gravity included. This generalization should lead to (|2*UJl . (|2*7jl . (|2*Sjl as 
its equations of motion, describing the dynamics of two dimensional Riemann surfaces 
in four dimensional curved ambient space with a curvature induced by the Riemann 
surfaces, radiating gravity. 



5. Conclusions 



In conclusion, we have shown that the two dimensional SU(2) Yang-Mills field strength 
tensor can be interpreted as a three dimensional Riemann curvature tensor. This can be 
further interpreted so that the two dimensional gauge theory is a source of three dimen- 
sional gravity. A vanishing Yang-Mills field strength tensor then leads to a vanishing 
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Riemannian curvature, and consequently it has an interpretation in terms of the original 
Gauss-Codazzi equations which describe the isometric embedding of Riemann surfaces 
in flat R 3 . The vanishing Yang-Mills field strength tensor also yields a SU(2) Lax pair 
which implies that two dimensional integrable models with such a Lax pair specify Rie- 
mann surfaces in flat R 3 . Furthermore, since a vanishing two dimensional field strength 
tensor also arises as the Hamiltonian equation of motion in three dimensional Chern- 
Simons theory, this theory admits an interpretation in terms of Hamiltonian dynamics 
of two dimensional Riemann surfaces in flat four dimensional ambient space. Obviously 
it would be interesting to generalize the Chern-Simons theory so that it allows for a 
nontrivial four dimensional curvature. 



We thank J.M. Maillet and K. Zarembo for discussions and L. Faddeev for comments. 
This work was completed while the author visited Ecole Normale Superieure in Lyon, 
and we thank M. Magro for hospitality. 



12 



References 

[1] M. Spivak, A Comprehensive Introduction to Differential Geometry, Volume 4 (Pub- 
lish or Perish, 1999) 

[2] L.A. Takhtajan and L. D. Faddeev, Hamiltonian Methods in the Theory of Solitons 
(Springer Verlag, 1987) 

[3] F. Lund, Ann. Phys. 115 (1978) 251 

[4] L.D. Faddeev and A.J. Niemi, Phys. Rev. Lett. 82 (1999) 1624 

[5] L.D. Faddeev and A.J. Niemi, Phys. Lett. B449 (1999) 214; Phys. Lett. B464 (1999) 
90; Phys. Lett. B525 (2002) 195 

[6] E. Witten, Commun. Math. Phys. 121 (1989) 351 



13 



